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The lattice dynamics of three polymorphs of Si3N4, �, �, and � phases, has been calculated by the real space
force constant method combined with first-principles calculations. The thermodynamical properties of the three
phases are evaluated from the vibrational density of states. The effect of thermal volume expansion is included
by quasiharmonic approximation. The volume expansivity, bulk modulus, specific heat, and Helmholtz free
energy of the three phases are computed as a function of temperature. All three phases are found to be
dynamically stable. �-Si3N4 shows lower Helmholtz free energy than �-Si3N4 in the temperature range from
0 to 2000 K. In other words, �-Si3N4 is not a low-temperature phase but a metastable phase under the ordinary
pressure. The presence of planer N-Si3 units and their strong Si-N bonds in two hexagonal polymorphs, �- and
�-Si3N4, is the origin of the high-frequency phonon band at above 25 THz, which is absent in �-Si3N4. It plays
key roles for anisotropic local vibration of N atoms. The different temperature dependence of specific heat
between � /� and � phases can also be ascribed to the structure. The transition pressure from � to � phase is
computed as a function of temperature. It is found to increase with the rise of temperature.
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I. INTRODUCTION

Silicon nitride �Si3N4� is widely used as engineering ce-
ramics and insulators in the semiconductor technology.
Among nonoxide ceramics composed of nitrides and car-
bides, Si3N4 based ceramics generally show better strength
and fracture toughness up to elevated temperatures. Because
of the superior properties, enormous research works have
been made on Si3N4 from many different viewpoints ranging
from engineering to basic science.

Si3N4 has three polymorphs, �, �, and � phases as shown
in Fig. 1. The crystal structures of the � and � phases are
hexagonal. Their structures are closely related to each other.
In both of two phases, Si and N atoms have tetrahedral �four-
fold� and trigonal �threefold� coordinates, respectively. The
unit cells of the � and � phases are characterized by planar
structure parallel to �0001�, a basal plane. �-Si3N4 has a
periodic stacking structure such as ABAB… in the direction
of the c axis. In the case of �-Si3N4, the periodicity is AB-
CDABCD…. Therefore, the lattice constant of �-Si3N4 in
the c axis is approximately two times longer than that of
�-Si3N4. These periodicities are illustrated in Figs. 1�d� and
1�e�. The trigonal pyramidal unit, N-Si3, with N atom at 2a
and 2b sites in �-Si3N4 and that with N atom at 2c site in
�-Si3N4, lay parallel to the basal plane. The other N-Si3 units
are vertically placed to the basal plane. Both the � and �
phases can be synthesized under the ordinary pressure by
direct nitridation of silicon or decomposition of precursors
such as silicon diimide. On the other hand, the � phase is a
high-pressure product. It forms a cubic spinel structure. All
of N atoms have tetrahedral coordination. There are two
kinds of coordination numbers for Si atoms, i.e., tetrahedral
�fourfold� and octahedral �sixfold� ones as shown in Fig.
1�c�.

A number of theoretical studies have been carried out to
clarify the electronic structure of Si3N4 and to discuss origins
of physical/chemical properties since 1980s.1–8 Mechanical

and dielectric properties have been evaluated through first-
principles calculations.9–15 Phonon frequencies were exam-
ined either by semiempirical ways16–18 or by first-principles
methods.15,19,20 Theoretical works of Si3N4 have been ex-

FIG. 1. �Color online� Crystal structure of �a� �-, �b� �- and �c�
�-Si3N4 and viewing �d� �- and �e� �-Si3N4 from �1120� direction.
Si and N atoms are illustrated by blue and green spheres, respec-
tively. In the panels of �- and �-Si3N4, trigonal coordination of
N-Si3 parallel to the basal plane is shown by red triangles. In the
panel of �-Si3N4, Si atoms which have tetrahedral coordination are
colored by purple. Tetrahedral and octahedral coordination are in-
dicated by purple and blue polyhedra, respectively. Dashed lines in
�d� and �e� indicate stacking layers repetition in the direction of c
axis of the unit cells.
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tended into various aspects such as a solid solution system of
SiAlON,21–28 amorphous Si3N4,29 surface structure,30 and in-
tergranular glassy film of Si3N4 ceramics.31–36

Despite these works, open questions still remain for fun-
damentals of Si3N4. First one is relative phase stability be-
tween �- and �-Si3N4. Both of them can be synthesized and
stably existent under ambient conditions. Millimeter-sized
single crystals are available for both of them. Submicron-
sized powders of the � phase are often selected for sintering
of high-strength ceramics. �→� transformation generally
occurs when sintered with some oxide additives as liquid
phase formers. No back transformation of �→� occurs ex-
cept for highly concentrated alloys that prefer the formation
of the � phase. These phenomena seem to suggest that � is
more stable than � at high temperatures. Theoretical analyses
for the energetic hierarchy by Grün37 using point charge
models, first-principles calculations by Ching et al.,6 and
force field simulation by Wendel and Goddard III16 have
shown that the � phase is more stable than the � phase.
However, it is still unknown whether the � phase is really a
metastable phase at all temperatures and it is formed by a
kinetic reason.

Large scattering among experimental data of thermody-
namical and physical properties is another remaining prob-
lem of Si3N4.38–59 Specific heat �CP� of �-Si3N4 can be
found in some literature.38,40,42 The maximum difference
among them reaches 30%. Elastic modulus of Si3N4 also
shows a large variety. Bulk moduli of �- and �-Si3N4 experi-
mentally reported thus far shows variation from 228.5 to
281.7 GPa, and from 215.4 to 270 GPa, respectively.45–58

The wide range of the scattering can be mainly ascribed to
the lack of single-crystal samples with good quality. When
sintered samples are used, properties are strongly dependent
on the presence of porosity and impurity used for sintering
aid. Under the circumstance, intrinsic properties of Si3N4
polymorphs may be better evaluated by first-principles cal-
culations. In order to evaluate the temperature dependence of
the properties, we made systematic first-principles phonon
calculations of three Si3N4 polymorphs in this work.

II. COMPUTATIONAL METHODOLOGY

Ground-state structures of three polymorphs were deter-
mined by imposing space groups reported by experiments.

They are P31c, P63 /m, and Fd3̄m for the �, �, and � phases,
respectively. As for the � phase, calculations were made with
P63 symmetry as well. However, we do not find any evi-
dence to lower the symmetry from P63 /m. This agrees with
the conclusion of recent reports by a first-principles
calculation8 and a synchrotron x-ray diffraction study.60 In
the present study, density functional theory �DFT�
calculations61 were performed using VASP code.62,63

Electron-ion interaction was represented by the projector
augmented wave �PAW� method64 and the local density ap-
proximation �LDA�65 was chosen for the exchange and cor-
relation potential. Plane waves up to the energy cutoff of 500
eV were used as basis functions. Reference configurations
for valence electrons were 3s2 3p2 for Si and 2s2 2p3 for N.
Lattice constants and internal positions in primitive cells at

various volumes were fully optimized until residual
Hellman-Feynmann �HF� forces become smaller than 2.0
�10−4 eV /Å. The k-point meshes of the Brillouin zone of
primitive cells, based on the Monkhorst-Pack scheme,66 were
3�3�3 for �-Si3N4 �seven irreducible points�, 3�3�7 for
�-Si3N4 �12 irreducible points� and 5�5�5 for �-Si3N4
�ten irreducible points� in order to obtain energy convergence
of lower than 1 meV per Si3N4. Bulk modulus was calculated
by the least square fitting of the plot of energy against vol-
ume per formula unit to the second order Birch-Murnaghan
equation of states.67 This means that the derivative of bulk
modulus by pressure �B�� was fixed to be four.

Dynamical properties were computed by interatomic force
constants in the real space.68,69 The whole set of force con-
stants were obtained from HF forces generated by a non-
equivalent atomic displacement in a supercell for a given
crystal structure. In the present study, dimensions of the su-
percells were 2�2�2 and 2�2�4 of the primitive cells
for the � and � phases, respectively. Both of the supercells
are composed of 224 atoms and only � point was adopted for
the k-point sampling. In the case of the � phase, the conven-
tional unit cell including 56 atoms was used. The k-point
meshes of 2�2�2 was chosen for this model. It should be
noted that all of atomic positions in a supercell were opti-
mized again under these conditions of k-point mesh in the
supercell. The residual HFs in a supercell after relaxation is
smaller than 2.0�10−4 eV /Å. A dynamical matrix was con-
structed from HF forces acting on all atoms in the supercells
with a displaced atom. Total energies and HF forces were
calculated using a set of supercells with nonequivalent
atomic displacements for each polymorph. The number of
supercells for the �, �, and � phases were 42, 21, and 3,
respectively. Phonon frequencies were calculated by solving
an eigenvalue problem for the dynamical matrix with satis-
fying sum rules for lattice constants to hold translational in-
variance.

In an ionic crystal, atomic displacement induces a dipole.
Dipole-dipole interaction remarkably affects interatomic
force constants and causes longitudinal optical / transverse
optical �LO/TO� splitting at the wavelength vector of k�0,
namely near � point. Such dipole interaction can be directly
included if the size of a supercell is large enough.70 Nonana-
lytical parameter of Born effective charges71,72 also enables
one to deal with the LO/TO splitting. However, the present
study does not take into account the influence of the dipole
on the interatomic force constants, since we are interested in
evaluation of thermodynamical quantities derived from the
vibrational density of states �VDOS�. The inclusion of the
LO/TO splitting only slightly changes the VDOS because the
dipole-dipole interaction is limited on LO modes with the
wavelength vector k�0 and leave the frequencies of TO
modes unchanged.

III. RESULTS AND DISCUSSION

A. Atomic structure at the ground state

Table I shows optimized lattice parameters and bulk
moduli of �-, �-, and �-Si3N4 at the ground state. Experi-
mental results in literature are shown together. Compared to
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the experiments, our calculation underestimates the lattice
constants by �1%, which is within the general accuracy of
DFT using LDA. The lattice volume per Si3N4 unit is larger
for the � phase than the � phase by 0.55%, which agrees to
the experimental data, 0.47%.60,73

The bulk modulus of � phase is larger than that of �
phase. This is consistent with the result of force field
calculation16 and first-principles calculation.6 In contrast, this
is opposite to the report by Ogata et al.32 in which the aver-
aged theoretical values between bulk moduli obtained from
calculations based on LDA and GGA are shown. The � phase

has the highest bulk modulus among three polymorphs,
which is consistent to results in literature.13,28,56

B. Phonon spectra of three phases

Figure 2 shows phonon dispersion curves of �-, �-, and
�-Si3N4. All phonon branches in �- and �-Si3N4 have real
frequency. In �-Si3N4, imaginary frequencies of 0.4i and
0.07i THz are found in a transverse acoustic �TA� mode in
the direction of the �-K and the �-A line, respectively. It
should be noted that �-Si3N4 has no imaginary frequency at
the exact � point. These imaginary frequencies are likely an
error in a phonon calculation based on the force constant in
the supercell model. Insufficient supercell size, tiny residual
force, or accuracy of force calculation may be the source of
errors.68 However, it was unable to conduct calculations with
better accuracy for �-Si3N4 at the present moment. Since the
magnitude of the imaginary frequencies are quite small and it
is not located at the zone-center and high-symmetry point,
we judge that �-, �-, and �-Si3N4 are stable phases from the
viewpoint of lattice dynamics.

Total and partial VDOS of three phases are shown in Fig.
3. Calculated total VDOS, gtotal���, was normalized to sat-
isfy the following condition,

TABLE I. Crystal structures and bulk moduli of Si3N4 obtained
by the ground-state calculation and lattice constants from experi-
mental studies.

�-Si3N4

a �Å� c �Å� V �Å3� B �GPa�

This work 7.722 5.598 289.099 240

Force fielda 7.775 5.650 270

DFTb 7.792 5.614 295.190 257

DFTc 7.701 5.581 286.640 257

Experimentd 7.75193 5.61949 292.447

Experimente 7.7545 5.62145 292.743

�-Si3N4

a �Å� c �Å� V �Å3� B �GPa�

This work 7.576 2.892 143.753 252

Force fielda 7.618 2.905 283

Hartree-Fockf 7.61 2.91 145.95 297

DFTb 7.622 2.910 146.407 274

DFTg 7.562 2.893 143.269 263

DFTh 7.580 2.899 144.250 250

DFTc 7.555 2.884 142.559 225

DFTi 237.2–241.5

Experimentj 7.6044 2.9063 145.546

�-Si3N4

a �Å� V �Å3� B �GPa�

This work 7.695 455.655 320

DFTk 7.697
�7.793�

456.000
�473.276�

308
�284�

DFTl 7.846 482.998 335

DFTm 7.6640 �7.7585� 450.160
�467.018�

310.9
�272.5�

Experimentn 7.7351 462.805

aReference 16
bReference 6
cReference 32
dReference 73
eReference 74
fReference 10
gReference 7

hReference 75
iReference 76
jReference 60
kReference 56
lReference 28
mReference 13
nReference 59

FIG. 2. Phonon dispersion curves for �a� �-, �b� �- and �c�
�-Si3N4.
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� gtotal���d� = 1. �1�

Partial VDOS for Si and N, gSi��� and gN���, were obtained
by summing up all local VDOS of corresponding atoms in
the unit cell. Experimental total VDOS by neutron scattering
technique77,78 is available for � and � phases. The present
gtotal��� well reproduces them except that the calculated
VDOS has phonon gap states between 22 and 25 THz. The
presence of the gap might be ascribed to neglect of the
LO/TO splitting in the present calculations.

gtotal��� of two hexagonal crystals, i.e., the � and �
phases, are similar. They can be divided into a few bands.
The highest frequency band at above 25 THz is ascribed to
the vibration of N atoms for the bond stretching in N-Si3
triangle or pyramid. The vibration of Si in Si-N4 tetrahedra
can be seen in the range of 15–20 THz. The vibration of N
atoms for the bond bending of N-Si3 triangle or pyramid is
located in the range of 10–15 THz. The frequencies lower
than 10 THz is attributed to the vibrations of acoustic and
optic branches distorting the whole Si-N bonding network.

Figures 4 and 5 show orientation dependence of VDOS in
�- and �-Si3N4, respectively. Concerning N atoms with dif-
ferent Wyckoff notations in �- and �-Si3N4, gN��� are sepa-
rately shown. N sites in a-Si3N4 are grouped into 2a+2b
sites and two kinds of 6c sites. In case of �-Si3N4, the VDOS
of N atoms at the 2c and 6h sites are indicated. The x and y
axis are parallel to the basal plane and the z axis corresponds
to the �0001� direction. As clearly seen in these figures,
gtotal��� and gSi��� in both �- and �-Si3N4 are almost iso-
tropic. This is the same for gN��� when the spectra of all N
atoms in the unit cell are summed up. However, it does not
mean that the local vibrations of individual atoms are totally
isotropic. For example, partial VDOS for N sites at the 2c
and 6h sites, gN�2c���� and gN�6h����, in �-Si3N4 are not iso-

tropic. N�2c� atoms in �-Si3N4 have planar units of N-Si3.
The triangle is parallel to the basal plane. Vibration of the N
atom in the direction parallel to the basal plane corresponds
to the stretching mode of Si-N bond. The vibration perpen-
dicular to the basal plane is the bending mode. As can be
seen in Fig. 4, gN�2c���� shows higher frequency for the
stretching and lower frequency for the bending. N�6h� atoms
in �-Si3N4 also exhibit planar N-Si3 units, which are perpen-
dicular to the basal plane. Therefore the perpendicular com-
ponent of gN�6h���� corresponds to the stretching mode of the
Si-N bond, which shows higher frequency component as the
case of the parallel component of gN�2c����. Similar aniso-
tropy can be found in N atoms of �-Si3N4. These results can
be explained by the fact that Si-N bond is much stiffer
against stretching than bending.

As shown in Fig. 6, the VDOS of �-Si3N4 differs from
those of �- and �-Si3N4. The frequencies lower than 15 THz
is attributed to the vibration of Si atom. The higher fre-
quency part is mainly ascribed to the vibrations of N atom.
Si atoms with octahedral and tetrahedral coordination show
different frequencies. The tetrahedral Si atoms show larger
frequencies, which can be ascribed to the fact that the
Si�tet�-N bond is stronger than the Si�oct�-N bond.

C. Thermodynamical properties at finite temperatures

The temperature dependence of thermodynamical quanti-
ties such as Helmholtz free energy, vibrational entropy, and
specific heat at constant volume can be calculated using
VDOS.79 Using quasiharmonic approximation,79 thermal ex-
pansivity, and specific heat at constant pressure can be evalu-
ated. Helmholtz free energy �F� can be divided into two
contributions, electronic and vibrational parts. In the case of
an insulator like Si3N4, electronic contribution to free energy
at finite temperature can be neglected. F as a function of

FIG. 3. �Color online� Total VDOS and projected partial VDOS in Si3N4 polymorphs. With regard to the � and � phase, experimental
total VDOS data by Refs. 77 and 78 are shown by red dots. The experimental VDOS are rescaled as to make the highest peak in the data
equal to the highest one of the calculated VDOS. Partial projected VDOS corresponds to the sum of all Si and N atoms, respectively.
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volume �V� and absolute temperature �T� can be given by

F�V,T� = Eel�V� + Fvib�V,T� . �2�

Eel�V� and Fvib�V ,T� are total energy at 0 K calculated by
DFT and vibrational Helmholtz free energy calculated from
VDOS. Fvib�V ,T� is expressed as

Fvib�V,T� = rkBT�
0

	

gtotal��,V� · ln�2 sinh

�

2kBT
�d� , �3�

where r and kB are degree of freedom in a unit cell and the
Boltzmann constant, respectively. The dependence of VDOS
was obtained from phonon calculations with changing lattice
volumes. Figure 7 shows the F−V curves of Si3N4 polymor-
phs at every 100 K from 0 to 1000 K. Diamond symbols are
actual data points obtained by the present calculations. The
F−V curves are obtained by least square fitting to the Burch-
Murnaghan second order equation of states. Broken lines
connect the equilibrium volume at each temperature. Figure
8 shows the temperature dependence of the volume expan-
sion coefficient, �, of three polymorphs, which is defined by

� =
1

V

�V

�T
. �4�

Although experimental data in literature are widely scattered,
the present results are in reasonable agreement to them.
Thermal expansion coefficients of the � and � phases are
different only by �1�10−7 K−1. On the other hand, the
thermal expansion coefficients of the � phase is two times
larger than those of the � and � phases. In the low-
temperature region of �100 K, the volume expansion coef-
ficients are negative in both �- and �-Si3N4. For example,
they are −1.9�10−7 K−1 and −2.0�10−7 K−1 at 90 K for �-
and �-Si3N4, respectively. Paszkowicz et al.59 have pointed
out the possibility of negative expansion in �-Si3N4 from
their x-ray diffraction at low temperature using synchrotron-
radiation source. However, they have reported that the nega-
tive expansion of �-Si3N4 is not found from their theoretical
calculation. Similarly, our calculation does not show the
negative expansion of �-Si3N4.

The bulk moduli �B� of three phases were computed as a
function of temperature. At 300 K they are 233, 245, and 310
GPa for �, �, and � phase, respectively. Experimental B of

FIG. 4. �Color online� Projected total VDOS and partial VDOS of all Si, all N atoms, N atoms at the 2c site, and N atoms at the 6h site
in �-Si3N4. Left column corresponds to the average of VDOS in the x and y direction. Right column is for the VDOS in the z direction.
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the � and � phases in literature are widely scattered. It
ranges from 228.5 to 291.7 GPa for �-Si3N4.45,47,49 For
�-Si3N4, the range from 211 to 270 GPa has been
reported.45–48,50–52,54 Therefore it is difficult to evaluate the
magnitude of errors between theory and experiments. On the
other hand, the present calculation shows good agreement
with the experimental data for �-Si3N4.43,56,57 Figure 9 shows
the temperature dependence of B. It decreases with tempera-
ture in all three phases. The temperature dependence of B has
been reported only for � phase. The dependence agrees sat-
isfactory with some of the experimental report in the tem-
perature range between 300 and 1200 K.

Figure 10 shows the temperature dependence of specific
heat and the difference of specific heat between the polymor-
phs of Si3N4. One can directly obtain specific heat at con-
stant volume �CV� from VDOS based on the harmonic ap-
proximation because the lattice volume is fixed in the
method. On the other hand, experimental results are avail-
able for specific heat at constant pressure �CP�. This can be
calculated using a thermodynamical equation, CP−CV
=�2VBT. The temperature dependence of CP was reported
by a few groups39,41,44 on both the � and � phases, which are
shown in Fig. 10. Unfortunately they are widely scattered

FIG. 5. Projected partial VDOS of all Si, all N atoms, N atoms at the 2a and 2b site, and N atoms at two types of the 6c sites in �-Si3N4.
Left column corresponds to the average of VDOS in the x and y direction. Right column is for the VDOS in the z direction.

FIG. 6. VDOS, which is projected to the x direction, of Si atoms
with tetrahedral or octahedral coordination and N atom in �-Si3N4.
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again and cannot be used to examine the validity of the the-
oretical results. Moreover, no CP of the � phase has been
reported experimentally.

The difference of CP��CP� is calculated by subtracting
CP��� from CP��� or CP���. As is the case with the thermal
volume expansion, the difference of CP of �- and �-Si3N4,
�CP��-��, is small as �1 J mol−1 K−1 at all temperatures.
However, detailed examination can find small differences in
the temperature dependence of CP, which can be related to
the difference in the shape of VDOS.

Under the harmonic approximation, specific heat is ex-
pressed by integrating a product of g��� and a weighting
function W as shown below,

CV = rkB�
0

	

g��� · � 
�

kBT
�2 exp� 
�

kBT�
�exp� 
�

kBT� − 1�2d�

= rkB�
0

	

g��� · W�
�/kBT�d�

�W�x� = x2 exp�x�
�exp�x� − 1�2� . �5�

This equation implies that all phonon do not contribute to the
specific heat at low temperatures. Figure 11 shows

FIG. 7. Plots of calculated Helmholtz free energy to lattice volume per formula unit in �a� �-Si3N4, �b� �-Si3N4, and �c� �-Si3N4 from
0 to 1000 K in every 100 K. Symbols represent actual data points in the present calculations. Bold lines are fitting curves using second order
Birch-Murnaghan’s equation of states. Broken lines connect the volume with the minimum energy at each temperature.

FIG. 8. �Color online� Plots of the calculated thermal volume
expansivity of �-, �-, and �-Si3N4 against temperatures. Solid line
shows the present results. Red, blue, and black correspond to the
results of the �, �, and � phases, respectively. Symbols represent
experimental data in the literatures �Refs. 44, 47, 58, 59, 80, and 81�
Color setting for the symbols is the same as that of the lines.

FIG. 9. �Color online� Dependence of the bulk modulus of �-,
�-, and �-Si3N4 on temperature. Solid line shows the present re-
sults. Red, blue, and black correspond to the results of �, �, and �
phases, respectively. Symbols represent experimental data in the
literatures �Refs. 44, 46, 52, and 81� Color setting for the symbols is
the same as that for the lines. Bulk moduli �B� from Ref. 46 are
calculated from reported Young’s modulus �E� and Poisson ratio ���
using the equation, B=E /3�1−��. The highest and lowest data of B
from Ref. 46 are shown.
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g���·W�
� /kBT� as a function of phonon frequency, �, at
four different temperatures. At temperatures lower than 200
K, CP��� is larger than CP���. �CP��-�� reaches a positive
maximum at 100 K. As shown in Fig. 2, acoustic branches of
�-Si3N4 in the direction of �-
 have lower frequencies than
those of �-Si3N4. Moreover, there are clear localized optical
modes at around 5 THz in �-Si3N4 making a small hump in
the VDOS. As can be seen in Fig. 9, the � phase has larger
g���W�q� /kBT� than the � phase at low temperatures at
around 100 K. This is the reason why �-Si3N4 shows larger
CP than �-Si3N4 at the low temperatures.

The difference between � and �, �CP��-��, is much
larger than �CP��-��. At the low-temperature region,
�CP��-�� is negative because VDOS distributes to higher
frequency in the � phase, which can be seen by comparing
plots of Fig. 11 at 100 K. At higher temperatures above 300
K, on the other hand, �CP��-�� becomes positive. This can
be explained by the fact that VDOS of �- and �-Si3N4 are
separately distributed into two regions, i.e., the lower
��20 THz� and the higher ��25 THz� frequencies. As dis-

cussed before, the separation can be ascribed to the presence
of the strong Si-N bonds in the planer N-Si3 unit in both �-
and �-Si3N4. Such a separation is not seen in �-Si3N4 which
does not have the planer unit. Similar temperature depen-
dence of the relative specific heat can be found in the cases
of carbon allotrope, graphite and diamond, and cubic and
hexagonal boron nitride �c- and h-BN�.82 Graphite and h-BN
have planar structures. On the other hand, diamond and c-BN
is a three-dimensional construction. They show lower spe-
cific heat than the planar ones, graphite and h-BN, at low
temperatures. At higher temperatures, the specific heat of the
planar ones becomes smaller.

D. Relative phase stability at finite temperatures

Relative phase stability between �- and �-Si3N4 has been
unknown for a long time. First-principles calculations have
suggested that �-Si3N4 is the ground-state structure.6 How-
ever, relative phase stability at finite temperatures is not yet
clarified by theoretical calculations. Recently, energetics of
Si3N4 polymorphs were experimentally examined by high-
temperature oxide-melt-drop solution calorimetry. Ling et
al.83 concluded that the difference in the formation enthalpies
of �- and �-Si3N4 is small and that relative stability in these
two phases is indistinguishable within their experimental ac-
curacy of �22 kJ /mol ��0.23 eV /Si3N4�. Zhang et al.84

reported that the enthalpy of transformation from �- to
�-Si3N4 is 80.2�9.6 kJ /mol.

The phase stability of condensed matter under an ambient
condition can be judged from comparison of Helmholtz free
energies �F� because PV term is generally negligible under

FIG. 10. �Color online� Plots of �a� the calculated specific heat
and �b� the difference of specific heat against temperatures. In the
panel of �a�, solid line shows the present results. Red, blue, and
black correspond to the results of �, �, and � phases, respectively.
Symbols represent experimental data in the literatures �Refs. 38–42,
44, and 81� Color setting of the symbols is the same as that of the
lines. Inset in the panel of �a� shows low-temperature region from 0
to 500 K. The data in Ref. 39 are plotted only in the inset.

FIG. 11. �Color online� The function of g���W�
� /kBT� against
frequency at temperatures of 50, 100, 300, and 600 K in �a� �, �b�
�, and �c� � phases.
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the standard pressure of 0.1MPa. Figure 12 shows the differ-
ence of Helmholtz free energies ��F� per formula unit be-
tween polymorphs. �F is calculated by subtraction of F of
the � phase from those of the � and � phases. Therefore,
positive �F means that the � phase is more stable to the
other phase. �F between � and � , �F�−�, is 18 meV at 0 K.
The energy difference between the � and � phases is slightly
changed by including zero-point vibration energy. With the
increase in temperature, the magnitude of �F�-� becomes
smaller but keeps positive in the whole range of tempera-
tures. The value of �F�-� is 9 meV at 2000 K. Our �F�-� is
larger than the results by the empirical force field
simulation,16 in which �F�-� was reported to be only
0.8 meV /Si3N4 at 300 K and 5 meV /Si3N4 at 2000 K. It
should be noted that their temperature dependence of �F�-�
is opposite to our result. The major source of the discrepancy
may be the fact that their simulation did not include the
thermal expansion. On the basis of the present calculations,
we can conclude that �-Si3N4 is more stable than �-Si3N4 in
the temperature range from 0 to 2000 K. In other words,
�-Si3N4 is not the low-temperature phase but a metastable
phase under the ordinary pressure. The free energy difference
between two phases is smaller than 18 meV or 1.7 kJ/mol.
This is the reason why the energy difference has not been
measured directly by the calorimetric methods.83 �-Si3N4
could be formed by kinetic reasons. The Helmholtz free en-
ergy of the � phase relative to the � phase, �F�-�, is 0.48 eV
and 0.55 eV at 300 K and 2000 K, respectively. The magni-
tude of �F�-� becomes larger with the increase in tempera-
ture. Calculated �F�-� can be directly compared to the en-
thalpy of transformation from �- to �-Si3N4 because the
value of P�V term is 9.4�10−6 eV at 300 K under the
pressure of 1 atm and is quite negligible. In comparison to
the reported value, 0.831�0.010 eV,84 our calculation un-
derestimate the difference in the formation enthalpy between
�- and �-Si3N4.

The effect of thermal expansion on Helmholtz free energy
is evaluated by a calculation of �F with a fixed lattice vol-
ume at 0 K, �F�V0K�. �F�V0K��-� and �F�V0K��-� are 9
meV and 0.61 eV at 2000 K, respectively. �F between the �
and � phases are same in the calculations with and without
the effect of thermal expansion. This is because the thermal
expansivity is almost similar between the � and � phases as
is shown in Fig. 8. On the other hand, �F�V0K��-� is 10%

larger than �F�-� including the effect of thermal expansion.
The thermal expansion coefficient of the � phase is clearly
different from that of the � phase. In such case, the effect of
thermal expansion should be included for quantifying ther-
modynamical parameters with high accuracy.

Theoretical transformation pressure can be determined
from a common tangent of F−V curves of the � and �
phases. Figure 13 shows the relationship between the �→�
transition pressure �P�→�� and temperature. By the present
calculations, P�→� is 5.3 GPa and 6.3 GPa at 300 K and
2000 K, respectively. Kroll85 reported that P�→� of 12 GPa
from first-principles calculations at 0 K. The discrepancy be-
tween the present study and his work may be originated from
the use of different exchange correlation potentials, i.e., LDA
in the present study and GGA in his work. The experimental
P�→� is scattered from 10 to 36 GPa depending upon syn-
thesis conditions, high-pressure apparatus, and starting pow-
ders as summarized by Zhang et al.83 The present calculation
seemingly underestimates P�→� in comparison to the experi-
mental data. More works may be required to evaluate the
equilibrium transition pressure with higher reliability.

P�→� increases with the rise of temperature in Fig. 13.
According to the Clausius-Clapeyron relationship, gradient
of the phase boundary is given by dT / dP = �S / �V , where
�S and �V are changes in entropy and volume, respectively.
The phase transformation from � to � is accompanied by the
shrinkage of the lattice volume. The present phonon calcula-
tion shows that vibrational entropy of the � phase is smaller
than that of the � phase at the temperature range of our
interest. Both of �V and �S are negative. Thereby P�→�

shows positive temperature dependence. It has been reported
that high-pressure processing is essential to synthesize
�-Si3N4.86–88 According to the present study, this is most
probably by the kinetic reasons.

IV. SUMMARY

Lattice dynamics and thermodynamical properties of �-,
�-, and �-Si3N4 are evaluated by first-principles calculation
using PAW method. Results can be summarized as follows:

�1� All phonon branches in the Brillouin zone have real
frequencies in three phases, which means that these polymor-
phs of Si3N4 are dynamically stable.

�2� Two hexagonal crystals, i.e., �- and �-Si3N4, exhibit
VDOS of close resemblance. The presence of the planer

FIG. 12. �Color online� The dependence of Helmholtz free en-
ergy difference ��F� on temperature.

FIG. 13. �Color online� Relationship between the transition
pressure from � to � phases and temperature.
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N-Si3 units in these crystals contributes to the anisotropic
local VDOS of N atoms. The bond stretching in the N-Si3
units makes the high-frequency VDOS band at above 25
THz. On the other hand, the bond-bending modes are located
in the range of 10–15 THz.

�3� Such an anisotropic behavior is not found in �-Si3N4
showing cubic spinel structure with no N-Si3 units. Their
tetrahedral Si atoms show larger frequencies than the octa-
hedral ones, which can be ascribed to the fact that the
Si�tet�-N bond is stronger than the Si�oct�-N bond.

�4� Using the quasiharmonic approximation, volume ex-
pansivity, �, bulk modulus, B, and specific heats CP and CV
for three crystals are calculated as a function of temperature.
Although experimental data have been widely scattered, the
theoretical results are consistent to experimental data.

�5� The difference of the temperature dependence of CP
among three phases can be related to the difference in the
shape of VDOS. As compared to the � and � phases, the �
phase shows lower CP at low temperatures and higher CP at
high temperatures. This can be explained by the presence of
the planer N-Si3 units only in the hexagonal polymorphs

forming high-frequency phonon band at above 25 THz.
�6� By comparison of Helmholtz free energies, F, �-Si3N4

is concluded to be more stable than �-Si3N4 in the tempera-
ture range from 0 to 2000 K. In other words, �-Si3N4 is not
the low-temperature phase but a metastable phase under the
ordinary pressure. �-Si3N4 could be formed by kinetic rea-
sons.

�7� Transition pressure from � to � phase is calculated
from the common tangent of F−V curves of two phases at
each temperature. The T− P phase boundary shows positive
gradient as the result of negative �S and �V in the Clausius-
Clapeyron relationship.
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